Let A and B be commutative rings with identity. An A-B-biring is an A-algebra S together with the structure on S of a B-algebra object in the opposite category of the category of A-algebras; equivalently, an A-B-biring is an A-algebra S together with a lift of the functor HomA(S, −) from A-algebras to sets to a functor from A-algebras to B-algebras. An A-plethory is a monoid object in the monoidal category, equipped with the composition product, of A-A-birings. We show that Int(D) has such a structure if D = A is a domain such that the natural D-algebra homomorphism θn :
Introduction
Throughout this paper all rings and algebras are assumed commutative with identity. For any integral domain D with quotient field K, any set X, and any subset E of K X , the ring of integer-valued polynomials on E over D is the subring Int(E, D) = {f (X) 
. The functor Bin from rings to binomial rings is leftrepresented by Int(Z) and is a right adjoint for the inclusion from binomial rings to rings.
Our motivating problem is to generalize the above result to Int(D) for further domains D. More specifically, we are interested in the following. Given a domain D, a natural candidate for the category C is the category of D-torsion-free "weakly polynomially complete" D-algebras, where a D-algebra A is said to be weakly polynomially complete, or WPC, if for every a ∈ A there exists a D-algebra homomorphism Int(D) −→ A sending X to a. A binomial ring is equivalently a Z-torsion-free WPC Z-algebra, and for any domain D the D-algebra Int(D) is itself WPC. Our goal, then, is to construct a right adjoint for the inclusion from the category of D-torsion-free WPC D-algebras to the category of D-algebras that is left-represented by Int(D). In our efforts to do so we found it necessary to utilize the notions of a biring and a plethory.
Let A and B be rings. An A-B-biring is an A-algebra S together with the structure on S of a B-algebra object in the opposite category of the category of A-algebras. Thus an A-B-biring is an A-algebra S equipped with two binary co-operations S −→ S ⊗ A S, called co-addition and co-multiplication (both of which are A-algebra homomorphisms), along with a co-B-linear structure B −→ Hom A (S, A), satisfying laws dual to those defining the A-algebras. By Yoneda's lemma, an A-B-biring is equivalently an A-algebra S together with a lift of the covariant functor Hom A (S, −) it represents to a functor from the category of A-algebras to the category of B-algebras. (See any of [1, 2, 9] for the details.) For example, the polynomial ring A[X] is an A-A-biring as it represents the identity functor from the category of A-algebras to itself. Co-addition acts by X −→ X ⊗ 1 + 1 ⊗ X, co-multiplication by X −→ X ⊗ X, and the co-linear structure by a −→ (f −→ f (a)).
The following proposition is clear. 
A D-D-biring structure on Int(D) is compatible with the D-D-biring structure on D[X], that is, the inclusion D[X] −→ Int(D) is a homomorphism of D-D-birings, if and only if the natural map Hom
Consequently, any solution to Problem 1.2 would yield conditions on integral domains D under which the D-algebra Int(D) has a D-D-biring structure. Regarding the latter problem we prove the following. We also prove that the hypotheses of the above theorem hold for a substantial class of domains that includes all Krull domains and more generally all TV PVMDs. See [8] for the definition of PVMDs and TV PVMDs.
By [2, Proposition 1.4], for any A-B-biring S, the lifted functor Hom A (S, −) from A-algebras to B-algebras has a left adjoint, denoted S ⊙ A −. In analogy with the tensor product, the A-algebra S ⊙ A R for any B-algebra R is the Aalgebra generated by the symbols s ⊙ r for all s ∈ S and r ∈ R, subject to the relations [2, 1.3.1-2]. If S and T are A-A-birings, then so is S ⊙ A T , and the category of A-A-birings equipped with the operation ⊙ A is monoidal with unit A[X]. An A-plethory is a monoid object in that monoidal category, that is, it is an A-A-biring P together with an associative map • : P ⊙ A P −→ P of A-A-birings (called composition) possessing a unit e : A[X] −→ P . (See any of [1, 2, 9] for details on these constructions.) An A-plethory is also known as an A-A-biring monad object, an A-A-biring triple, or a Tall-Wraith monad object in the category of A-algebras. For any ring A the polynomial ring A[X] has the structure of an A-plethory and in fact is an initial object in the category of A-plethories. In Section 4 we prove the following. 
We also prove the following partial solution to Problem 1.2. 
WPC algebras and tensor powers of Int(D)
As in [5] , we will say that a domain extension A, with quotient field As in [5, Section 7] , and as in the introduction, we will say that a D-algebra A is weakly polynomially complete, or WPC, if for every a ∈ A there exists In analogy with ordinary polynomial rings, there is for any set X a canonical D-algebra homomorphism
where the (possibly infinite) tensor product is over D and is a coproduct in the category of D-algebras. 
The compositum of any collection of WPC extensions of D contained in some domain extension of D is again a WPC extension of D.
Proof. Clearly we have (1) ⇔ (2) ⇒ (3), (4) ⇒ (5), and (6) ⇒ (7) ⇒ (2). Thus we need only show that (3) ⇒ (4) and (5) ⇒ (6). Suppose that statement (3) holds, and let
. We may assume without loss of generality that the variables in Int(
where f ij ∈ Int(D) for all i, j. Setting X i = 0 for all i > 2, we see that
Suppose that statement (5) ′ ∈ B ′ , it follows that f (C) ⊆ C. Therefore C is a WPC D-algebra.
Clearly polynomial compositeness implies weak polynomial compositeness. In fact, we have the following. (1) θ X is surjective for every set X.
(2) θ X is surjective for some infinite set X.
(3) θ X is surjective for every finite set X.
is a polynomially complete extension of D for every (finite) set X.
for every (finite) set X. At the end of Section 8 of [5] it is noted how to construct the left adjoint of the inclusion functor from WPC domain extensions of D to domain extensions of D. The proof can be easily generalized to establish the following. Proposition 2.3. Let D be a domain with quotient field K, and let A be a D-torsion-free D-algebra.
A is contained in a smallest D-torsion-free WPC D-algebra, denoted w D (A), equal to the intersection of all WPC D-algebras containing A and contained in
A ⊗ D K.
One has w D (A) = A if and only if A is WPC, and w D (A) is a domain if and only if
A is a domain.
One has w
D (A) ∼ = Int w (D X )/((ker ϕ)K ∩ Int w (D X )) for any surjective D-algebra homomorphism ϕ : D[X] −→ A.
The association A −→ w D (A) defines a functor from the category of D-torsion-free D-algebras to the category of D-torsion-free WPC Dalgebras-both categories with morphisms as D-algebra homomorphismsthat is a left adjoint for the inclusion functor.
Assuming that D is weakly polynomially composite, we can also construct the right adjoint of the inclusion functor from D-torsion-free WPC D-algebras to D-torsion-free D-algebras.
Proposition 2.4. Let D be a weakly polynomially composite domain, and let
A be a D-torsion-free D-algebra.
A contains a largest WPC D-algebra, denoted w D (A), equal to the compositum of all WPC D-algebras contained in A.

One has w D (A) = A if and only if A is WPC.
One has w
D (A) = {a ∈ A : a = ϕ(X) for some ϕ ∈ Hom D (Int(D), A)}.
The association A −→ w D (A) defines a functor from the category of D-torsion-free D-algebras to the category of D-torsion-free WPC Dalgebras-both categories with morphisms as D-algebra homomorphismsthat is a right adjoint for the inclusion functor.
Proof.
This follows from Proposition 2.1 and the fact that D itself is a WPC
D-algebra.
This is clear from (1).
3. Let a ∈ A. Suppose that a ∈ w D (A). Then there is a D-algebra homomorphism ψ :
where K is the quotient field of D, and ψ restricts to a D-algebra homomorphism ϕ : Int(D) −→ w D (A) ⊆ A sending X to a. Conversely, suppose that there exists a D-algebra homomorphism ϕ : Int(D) −→ A sending X to a. Tensoring with K we see that ϕ is evaluation at a, that is,
Functoriality follows easily from (3)
. To prove adjointness, we must show that the natural map
is a bijection for any D-torsion-free D-algebras A and B with A WPC. But this is clear from functoriality and (2).
Biring structure on Int(D)
The following result forms the basis for our investigation. 
sending X, respectively, to α(X) = X ⊗ 1 + 1 ⊗ X, o(X) = 0, ν(X) = −X, µ(X) = X ⊗ X, and ι(X) = 1, together satisfying the appropriate commutative diagrams, as well as a ring homomorphism ⊗Kn for n ≤ 4, it follows that the same commutative diagrams hold for the co-operations on Int(D). Therefore, the restricted co-operations on Int(D) make Int(D) into a D-Z-biring. Finally, one verifies that the map β exists, must act by a −→ (f −→ f (a)) for all a ∈ A and all f ∈ Int(D), and is a homomorphism of rings. We remark that there are no known examples of domains that are not polynomially composite, although Conjecture 1.7, if true, would yield two examples. We are thus led to the following problem. 
Problem 3.3. Determine whether or not the domain
D = F 2 [[T 2 , T 3 ]] (resp., the domain F 2 + T F 4 [[T ]]) has a D-D-biring structure such that the inclusion D[X] −→ Int(D) is a homomorphism of D-D-birings.
If all hypotheses in statements (1) and (2) of Theorem 3.1 hold, then for
any f ∈ Int(D) and any P ∈ D[X], where X = {X 1 , . . . , X n }, one has f (P ) ∈ Int ⊗ (D X ), so we may write
where f P ij ∈ Int(D) for all i, j, in which case one has (1) 
If only the hypothesis in statement
is a commutative diagram of D-algebra isomorphisms.
Proof. By 
is a (well-defined) D-algebra homomorphism for any D-algebra A. This is a straightforward but tedious computation that is left to the reader. Let A be a ring and P an A-plethory. A P -ring is an A-algebra R together with an A-algebra homomorphism
and e • r = e for all α, β ∈ P and all r ∈ R, where e is the image of X in the unit A[X] −→ P [2, 1.9]. Such a map • is said to be a left action of P on R. For example, P itself has a structure of a P -ring, as do the A-algebras P ⊙ A R and Hom A (P, R) for any A-algebra R [2, 1.10], with left actions given by For any A-plethory P , the P -ring W P (R) = Hom A (P, R) of any A-algebra R is called the P -Witt ring of R. This terminology comes from the fact that, if P is the Z-plethory Λ of [2, 2.11], then a P -ring is equivalently a λ-ring, and the functor W P is isomorphic to the universal λ-ring functor Λ. If P is the Zplethory Int(Z), then a P -ring is equivalently a binomial ring, and the functor W P is isomorphic to the functor Bin. The latter fact generalizes to the following result, which implies Theorem 1.6 of the introduction. 
